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Super-Efimov states are a new kind of universal three-body bound states predicted for three
identical fermions with p-wave resonant interactions in two dimensions by a recent field-theoretic
calculation [Phys. Rev. Lett. 110, 235301 (2013)]. The binding energies of these states obey a
dramatic double exponential scaling En = E∗ exp(−2e
pin/s0+θ) with universal scaling s0 = 4/3
and three-body parameters E∗ and θ. We use the hyperspherical formalism and show that the
super-Efimov states originate from an emergent effective potential −1/4ρ2 − (s20 + 1/4)/ρ
2 ln2 (ρ)
at large hyperradius ρ. Moreover, for pairwise interparticle potentials with van der Waals tails, our
numerical calculation indicates that the three-body parameters E∗ and θ are also universal and the
ground super-Efimov state shall cross the threshold when the 2D p-wave scattering area is about
−42.0 l2vdW with lvdW the van der Waals length.
A landmark result of few-body physics is the Efimov
bound states predicted theoretically in 1970 for three-
body systems with s-wave resonant interactions in three
dimensions [1]. The binding energy of the nth Efimov
state scales as En ∼ E˜∗e−2pin/s˜0 with s˜0 a universal
number and E˜∗ the three-body parameter [1–3]. This
peculiar scaling is given rise to by an emergent effec-
tive potential of the form −(s˜20 + 1/4)/ρ2 in the hyper-
spherical formalism of the three-body problem at large
hyperradius ρ. Only recently, extreme experimental con-
trollability and versatility of ultra-cold atomic gases [4–
6] provides a unique opportunity to detect evidences of
the Efimov states for the very first time in atomic sys-
tems. Experimentalists succeeded in realizing s-wave res-
onant interactions in ultra-cold atomic gases by the tech-
nique of Feshbach resonance [7], and revealed the Efimov
physics through measuring atom loss rate due to three-
body recombinations [8–14], atom-dimer inelastic colli-
sions [15, 16] and radio-frequency spectroscopy [17, 18].
Further studies showed that even the three-body param-
eter E˜∗ which determines the absolute energy levels of
the Efimov states has a universal behavior for different
atomic species [20–25].
The quest for universal physics at resonances beyond
the paradigm of the Efimov states brought about a recent
quantum field theory calculation predicting that univer-
sal bound states exist for three identical fermions with p-
wave resonant interactions in two dimensions [26]. These
new states have angular momentum ℓ = ±1 and are
called “super-Efimov” due to the fascinating scaling of
their binding energies En = E∗ exp(−2enpi/s0+θ) with
s0 = 4/3 a universal number, and E∗ and θ the three-
body parameters. While the prediction of the super-
Efimov states agrees with a recently proved theorem [27],
understanding the origin of such universal states requests
further investigation.
In this work, we use the hyperspherical formalism to
study three identical fermions with p-wave resonant in-
teractions in two dimensions. In the angular momen-
tum ℓ = ±1 channel, we show that the super-Efimov
states are due to an emergent effective potential Ueff ∼
−1/4ρ2− (s20 + 1/4)/ρ2 ln2(ρ) in the large hyperradius ρ
limit. We extract s0 from Ueff calculated numerically at
the first three p-wave resonances of three different kinds
of model potentials; the extracted values of s0 agree well
with 4/3 as predicted by the field theory [26]. For pair-
wise interparticle potentials with a van der Waals tail,
the numerically obtained binding energies of the lowest
two super-Efimov states indicate that the three-body pa-
rameters E∗ and θ are also universal; the ground super-
Efimov state is predicted to emerge at the threshold when
the 2D scattering area is about −42.0 l2vdW with lvdW the
van de Waals length.
Hyperspherical formalism.— We consider three iden-
tical fermions with coordinates r1, r2 and r3 interacting
pairwisely through a central potential V (r) of finite range
r0 in two dimensions. The potential is fine tuned such
that it is at a p-wave resonance. We introduce the Jacobi
coordinates xi = rj−rk and yi = 2[ri− (rj+rk)/2]/
√
3,
where {i, j, k} takes the values of {1, 2, 3} cyclically. The
hyperspherical radius is given by ρ =
√
x
2
i + y
2
i , and the
corresponding hyperspherical angles Ωi = {αi, θxi , θyi}
with αi = tan
−1(xi/yi), θxi (θyi) the polar angle of xi
(yi) [28]. After separating out the center of mass part,
we expand the wave-function of the system in terms of
2any set of hyperangles Ωi as
Ψ =
∑
µ
ρ−3/2fµ(ρ)Φµ(ρ,Ωi). (1)
The angular part Φµ(ρ,Ωi) is required to satisfy the
eigenequation
Λˆ2 +mρ2
3∑
j=1
V (ρ sinαj)

Φµ(ρ,Ωi) = λµ(ρ)Φµ(ρ,Ωi),
(2)
with m the mass of each fermion. Here, the total angular
momentum operator is given by [28]
Λ2 = − ∂
2
∂α2i
− 2 cot(2αi) ∂
∂αi
+
L2
xi
sin2 αi
+
L2
yi
cos2 αi
. (3)
Hereafter, we use units such that ~ = m = 1. Conse-
quently, the hyperradial part satisfies the coupled equa-
tions of eigenenergy E as [28]
[
− d
2
dρ2
− 1
4ρ2
+ Uµ(ρ)−Qµµ − E
]
fµ(ρ)
=
∑
ν( 6=µ)
[
2Pµν
d
dρ
+Qµν
]
fν(ρ), (4)
with Uµ(ρ) = [λµ(ρ) + 1]/ρ
2. The couplings Pµν =
〈Φµ|∂ρ|Φν〉 and Qµν = 〈Φµ|∂2ρ |Φν〉, with 〈. . . 〉 standing
for the integration over the hyperangles, are expected to
be negligible for µ 6= ν in the large ρ limit [28]; as Eq. (4)
becomes decoupled, the three-body problem is reduced
to a one dimensional equation, and the eigenstates with
E → 0− shall be governed by the effective potential
Ueff(ρ) ≡ − 1
4ρ2
+ U0 −Q00 (5)
of the shallowest attractive channel µ = 0 at large hyper-
radius.
We focus on the states with total angular momentum
|ℓ| = |ℓxi + ℓyi | = 1 for which the super-Efimov states
were predicted [26]. We solve the Faddeev equations de-
rived from Eq. (2) in the regime r0/ρ≪ 1 [28], and find
for the shallowest attractive channel
λ0(ρ) + 1 = − Y
ln(ρ/r0)
+O
(
1
ln2(ρ/r0)
)
, (6)
where the dimensionless parameter Y is given by
Y =− 1−
∫∞
0 drr
2V (r)u20(r)
limr→∞[ru0(r)2]
(7)
with u0 (r) the zero energy p-wave two-body reduced ra-
dial wave function satisfying[
−∂2r +
3
4r2
+ V (r)
]
u0(r) = 0. (8)
The radial effective potential V (r)+3/4r2 has a centrifu-
gal barrier. An alternative expression is [29, 30]
Y =
∫∞
0 drr [∂r(u0(r)
√
r)]
2
limr→∞[
√
ru0(r)]2
, (9)
which shows Y positive definite. Note that a similar loga-
rithmic structure also appears in the scattering T -matrix
in two dimensions [31].
Effective potential.— In the regime r0/ρ ≪ 1, if Q00
can be neglected, Ueff + 1/4ρ
2 ∼ −Y/ρ2 ln(ρ/r0) would
give rise to shallow bound states whose energies En scale
as ln |En| ∼ −(nπ)2/2Y . Surprisingly Ref. [29] argued
that Q00 ∼ −Y/ρ2 ln(ρ/r0); the leading orders of U0 and
Q00 shall cancel. This cancellation would result in Ueff +
1/4ρ2 = U0 −Q00 ∼ 1/ρ2 ln2(ρ/r0) in which case super-
Efimov states become possible.
The involved hyperangle integral of Q00 seems
to preclude evaluating it analytically to order
1/ρ2 ln2(ρ/r0). Hence we obtain Ueff by calculat-
ing U0 and Q00 numerically with three kinds of
model potentials: the Lennard-Jones potential (LJ)
VLJ (r) = −V0
[
(r0/r)
6 − η6(r0/r)12
]
, the Gaussian
potential (GS) VGS (r) = −V0 exp
[
−(r/r0)2
]
, and the
Po¨schl-Teller potential (PT) VPT (r) = −V0sech2 (r/r0).
The model potentials are all tuned at a p-wave res-
onance. We solve Eq. (2) numerically by using the
modified Smith-Whitten coordinates, which have been
successfully applied to three-body systems in both three
dimensions [32–36] and two dimensions [37, 38]. The
details of constructing the Smith-Whitten coordinates
and the corresponding hyperspherical representation can
be found in Refs. [37] and [39].
Figure (1) shows the resultant numerical results of Ueff
at the first three p-wave resonances of the three model po-
tentials, which all converge to a universal form −1/4ρ2−
[(4/3)2+1/4]/ρ2 ln2(ρ/r0) when ρ/r0 is large. We fit the
data of ρ2Ueff + 1/4 by the series −
∑4
n=2 cn ln
−n(ρ/r0)
in the range ρ/r0 ∈ [30, 500]. We define s20 ≡ c2 − 1/4.
Table (I) shows that all fitted values of s0 agree with 4/3
within ∼ 4%. Likewise we fit the data for ρ2U0 and ρ2Q00
separately by −∑3n=1 cn ln−n(ρ/r0) in the same range.
As shown in Tab. (I), fitted c1 of both U0 and Q00 and
Y calculated by the analytic result Eq. (7) show good
agreement within ∼ 6%, the difference between which
nevertheless quantifies the overall error of our numerical
data and the fitting scheme.
Our calculation indicates that when ρ/r0 is large, the
three-body system is subject to an emergent effective po-
tential
Ueff(ρ) = − 1
4ρ2
− s
2
0 + 1/4
ρ2 ln2(ρ/r0)
. (10)
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FIG. 1: Numerical results for the effective potential Ueff de-
fined in Eq. (5) for three different two-body model potentials
from top to bottom: Lennard-Jones (LJ), Gaussian (GS),
Po¨schl-Teller (PT). The red solid lines are for the first p-
wave resonances of the three potentials, and the blue dash-
dotted ones for the second, and the green dashed ones for
the third. The black dash-dot-dotted lines are ρ2Ueff +1/4 =
−[(4/3)2 + 1/4]/ ln2(ρ/r0).
TABLE I: The parameter Y calculated from Eq. (7) and the
fitted parameters to the numerical results for different model
potentials from the first to the third p-wave resonance.
Resonance Y c1 of U0 c1 of Q00 s0 of Ueff
LJ 1st 1.068 1.063 1.071 1.339
LJ 2nd 1.939 1.979 1.960 1.348
LJ 3rd 2.393 2.519 2.452 1.381
GS 1st 0.484 0.475 0.484 1.341
GS 2nd 1.636 1.654 1.641 1.355
GS 3rd 2.781 2.949 2.872 1.393
PT 1st 0.437 0.431 0.437 1.350
PT 2nd 1.209 1.209 1.209 1.349
PT 3rd 1.880 1.928 1.885 1.367
Given such a potential, one can use the WKB approx-
imation (or other methods) to show that the binding
energies of shallow bound states have the super-Efimov
form En = E∗ exp(−2epin/s0+θ). Our numerical results
of s0 agrees well with the universal scaling factor 4/3
predicted by Ref. [26]. Thus we show that the universal
super-Efimov states originate from the universal effective
potential Eq. (10).
The above conclusion is based on the adiabatic
approximation by neglecting inter-channel couplings
[cf. Eq. (5)]. For the Lennard-Jones, Gaussian, and
Po¨schl-Teller two-body model potentials, we find numer-
ically that the inter-couplings between the super-Efimov
channel µ = 0 and other channels ν 6= 0 have the asymp-
totic behaviors P0ν ∼ 1/ρ ln2(ρ) and Q0ν ∼ 1/ρ2 ln2(ρ)
when ρ is large. The effects of these nonzero inter-
channel couplings on the super-Efimov states can be
evaluated perturbatively in the following way. First we
solve Eq. (4) at zero order by neglecting all the inter-
channel couplings. The µ = 0 channel would produce
the super-Efimov bound state solutions f
(0)
0 (ρ) with neg-
ative eigenenergies E while apart from any accidental
coincidences, in any other channels ν 6= 0 there is only
a trivial solution f
(0)
ν (ρ) = 0 for the same energies E.
Next we substitute f
(0)
0 (ρ) into Eq. (4) and solve f
(1)
ν (ρ)
for ν 6= 0 to the first order of the inter-channel cou-
plings. In the regime r0 ≪ ρ ≪ 1/|E|, f (0)0 (ρ) ∼√
ρ ln(ρ/r0) cos{s0 ln[ln(ρ/r0)] + ϕ} with ϕ a phase shift
[29], which indicates f
(1)
ν (ρ) ∼ f (0)0 (ρ)/ ln2(ρ/r0). Thus
in Eq. (4) the off diagonal terms are expected to be
[2P0ν(d/dρ) + Q0ν ]f
(1)
ν (ρ) ∼ f (0)0 /ρ2 ln4(ρ/r0), negligi-
ble compared with the diagonal term Ueff(ρ)f
(0)
0 (ρ); the
adiabatic approximation is justified in the regime ρ→∞.
Three-body parameters.— In the case of Efimov states,
the three-body parameter E˜∗ is originally believed to be
not universal and to be determined by short-range in-
teraction details [2]. Surprisingly recent experiments of
ultra-cold atomic gases found E˜∗ rather universal (in van
der Waals units) [20]. Subsequent theoretical calcula-
tions [21–25] inspired by this new discovery soon con-
firmed that when the long range tail of the two-body
interaction is dominated by the van der Waals form
V (r) → −C6/r6, E˜∗ is universally determined by the
van der Waals length lvdW ≡ C1/46 /2 or equivalently the
van der Waals energy EvdW ≡ −1/l2vdW. This univer-
sality of E˜∗ is attributed to the suppressed probability
of finding two particles at short distances where V (r)
shows a deep attractive well [21]. It is natural to ask the
question: whether the three-body parameters for super-
Efimov states E∗ and θ are also universal, if the two-body
interaction has the long-range tail −C6/r6?
We use two-body model potentials V nk (r) =
−C6/r6
[
1− (βn/r)k
]
to study the three-body parame-
ters numerically. The short-range parameter βn is tuned
such that there are n p-wave two-body bound states in-
cluding the shallowest one at threshold. These two-body
model potentials have the same long-range van der Waals
tail, but very different short-range interactions deter-
mined by βn and k. The first evidence of universality
is the effective potential Ueff at short range as shown in
Fig. (2), where a universal repulsive core rises up at about
ρ ≈ 2.2lvdW; it seems that the short range details of these
different two-body model potentials have little effect on
those of the three-body effective potential Ueff . In plot-
ting Ueff in Fig. (2), we have manually diabatized the
curves to improve visualization. One example is shown
in the inset of Fig. (2), where a sharp feature arising from
an accidental crossing between the super-Efimov channel
and another channel is manually eliminated. This kind
of sharp features of Ueff at small ρ shall not be important
for understanding low-energy three-body observables.
Applying the numerical treatment similar to Ref. [36],
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FIG. 2: Universal effective potential Ueff for different two-
body model potential V nk , with sharp avoid crossings man-
ually diabatized in some cases to improve visualization. An
example of the manual diabatization is shown in the inset
for the model potential V 26 . The sharp feature arising from
an accidental crossing between two channels represented by
the red dash-doted and the black dashed curves is manually
eliminated to give the smooth green solid curve.
we calculate the three-body super-Efimov ground state
energies Eg for different V
n
k (r). When the model poten-
tials V nk (r) can support only one two-body bound state at
threshold (n = 1), the super-Efimov channel is the low-
est three-body channel; the super-Efimov states are true
bound states and we obtain their eigenenergies by diag-
onalizing the Hamiltonian directly. When the model po-
tentials support multiple two-body bound states (n > 1),
deeper three-body channels (atom-dimer channels) exist,
and the super-Efimov states become quasi-bound states.
It is known that when there is a quasi-bound state buried
in the continua, the scattering amplitude shows a Fano
resonance due to the interference between the continuum
states and the quasi-bound state [40]. In this case, we cal-
culate the scattering cross sections for the deeper atom-
dimer channels at energies close to those of the super-
Efimov states, and locate resonances that can be fitted
by a Fano lineshape. The resonance positions are inter-
preted as the super-Efimov state energies, and the widths
of the resonances give rates of the super-Efimov states
decaying into atom-dimer states.
The super-Efimov ground state energies obtained in
the way described above are quite universal Eg/EvdW ≈
−0.05 as shown in Fig. (3) and are interestingly close
to the universal Efimov ground state energies [21], while
small decay rates are found for n = 2, 3. In addition,
we extrapolate Ueff to very large distances and calcu-
late the energies Eadg and E
ad
1 of both the ground and
the first excited super-Efimov states for V 1k (r) within
the adiabatic hyperspherical approximation (neglecting
P0ν and Q0ν for ν 6= 0). Note that possible decay
rates can not be evaluated within this approximation.
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n
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FIG. 3: Super-Efimov ground state energies Eg for different
two-body model potentials V nk by full calculations. The error
bars at n = 2, 3 are the decay rates of these states into atom-
dimer states. The inset shows the three-body parameters θ
and ξ calculated by the adiabatic approximation.
Table (II) shows that while the ground state energies
Eadg have good agreement with the full calculations Eg,
the first excited state energies Ead1 have extremely small
values (of order 10−14EvdW), implying that a full cal-
culation for the first excited states will be extremely
challenging. If we express the super-Efimov energies as
E/EvdW = exp [−2 exp (4nπ/3 + θ) + ξ], the three-body
parameters θ and ξ [≡ ln(−E∗/EvdW)] extracted from
Eadg and E
ad
1 are shown in the inset of Fig. (3) to be very
universal.
We attribute the universality of θ and ξ to the mecha-
nism similar as in the Efimov states, i.e., the probability
of finding any pair of particles separated by less than
lvdW is greatly suppressed, implying that the short dis-
tance details of interactions have negligible effects [21].
For example, We calculate the zero energy reduced two-
body wave-function u0 (r) for the model potential V
n
6 (r)
with n = 1, 2, 3. As shown in Fig. (4), we find that u20(r)
has substantial magnitude in the range 1 < r/lvdW < 2
inside the centrifugal barrier of the effective radial poten-
tial V n6 + 3/4r
2, which is due to the resonant tunneling
right at p-wave resonances. The zero energy reduced two-
body wave-function is normalized as u0(r) = r
−1/2 when
r → ∞. The further deep attractive well of V n6 + 3/4r2
strongly suppresses u20(r) to small values when r < lvdW,
which can be understood by a semiclassical analysis as
in the Efimov case [21].
Threshold crossing.— In ultra-cold atomic gases, the
three-body recombination resonances observed experi-
mentally in the vicinity of Feshbach resonances occur
where Efimov state energies cross the three-body con-
tinuum threshold, and serve as first evidences of Efi-
mov physics [8–14, 19]. Here we tune the depth of the
Lennard-Jones two-body model potential around the nth
p-wave resonance, and calculate the ground super-Efimov
state energyEg as a function of 2D p-wave scattering area
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FIG. 4: Suppression of the zero energy two-body wave func-
tion u0 at short distances. The thick curves are the radial
probability of zero energy wave functions u20 (r) for the model
potential V n6 with n = 1, 2, 3; the thin curves are the effective
radial potential V n6 + 3/4r
2. The black solid, red dashed and
blue dash-dotted curves correspond to n = 1, 2, 3 respectively.
TABLE II: The super Efimov ground state energies Eg by
full calculations and the ground state energies Eadg and the
first excited energies Ead1 calculated by the hyperspherical
adiabatic approximation. Here [n] denotes ×10n. θ and ξ are
the two three-body parameters.
k Eg/EvdW E
ad
g /EvdW E
ad
1 /EvdW θ ξ
4 -3.941[-2] -4.785[-2] -1.995[-14] -1.517 -2.601
6 -4.415[-2] -4.429[-2] -1.232[-14] -1.502 -2.672
8 -4.651[-2] -4.254[-2] -0.969[-14] -1.496 -2.709
A. [For small scattering wave vector q, the 2D p-wave
scattering phase shift δ(q) is given by cot δ(q) = −1/Aq2.]
Figure (5) shows that when A is tuned to large and nega-
tive values, Eg becomes shallower and eventually hit the
three-body continuum. Extrapolating Eg to the thresh-
old, we find that the crossing point A
(−)
g is at −45.9 l2vdW,
−42.1 l2vdW, and −42.0 l2vdW near the 1st, 2nd, and 3rd
p-wave resonance respectively. The magnitude of A
(−)
g
complies with the linear dimension of the ground super-
Efimov state at resonance. The convergence of A
(−)
g
to approximately −42.0 l2vdW is reminiscent of the Efi-
mov physics in which the three-body parameters becomes
more universal for two-body potentials that can support
more bound states [21]. Recent successful realization of
“quasi” 2D Fermi gases [41–43] opens up the prospect of
experimental study of the super-Efimov physics in atomic
gases. It will be worth examining how the super-Efimov
physics would be affected by the strong confinement ap-
plied to produce the “quasi” 2D gases in future investi-
gations.
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